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Abstract—The simultaneous effects of curvature, rotation and heating/cooling of the tube complicate the
flow and heat transfer characteristics beyond those observed in the tubes with simple curvature, rotation
or heating/cooling. The phenomena encountered are investigated for steady, hydrodynamically and ther-
mally fully developed laminar flow in circular tubes. A full second-order perturbation solution is obtained
under the condition that the wall heat flux is uniform with peripherally uniform wall temperature. The
results cover both the nature of flow transitions and the effect of these transitions on temperature distri-
bution, friction factor and Nusselt number. When the rotation is in the same direction as the main flow
imposed by a pressure gradient and the fluid is heated, the flow and heat transfer remain similar to those
observed in stationary curved tubes, radially rotating straight tubes or mixed convection in stationary
straight tubes. There are, however, quantitative changes due to the combined effects of centrifugal, Coriolis
and buoyancy forces. A more complex behaviour is possible when the rotation is opposite to the flow due
to the pressure gradient or when the fluid is cooled. In particular, the inward Coriolis force and/or buoyancy
force may cause the direction of the secondary flow to reverse. The flow reversal occurs by passing through
a four-cell vortex flow region where overall, the centrifugal, Coriolis and buoyancy forces just neutralize
each other. Copyright © 1996 Elsevier Science Ltd.

1. INTRODUCTION

Fluid flow and heat transfer in rotating curved chan-
nels are not only of considerable theoretical interest,
but also of practical importance in many engineering
applications [1, 2]. The curvature and rotation, in
conjunction with heating or cooling, introduce the
centrifugal force, the Coriolis force and the buoyancy
force in the momentum equations which describe the
relative motion of fluids with respect to the channel.
Such body forces may induce a secondary flow in
a plane perpendicular to the main flow. This could
significantly affect the resistance to the fluid flow and
convective heat transfer. As well, these forces may
either enhance or impede each other in a nonlinear
manner depending on the directions of the rotation
and heat flux. This could result in a complicated struc-
ture of the flow. We examine this structure and its
effects on flow resistance and convective heat transfer
in the present study by a three-parameter perturbation
method assuming the channel to be of a circular cross-
section.

Works on the flows and heat transfer in a rotating
curved channel are very limited. By employing
Pohlhausen’s method, Hocking [3] and Ludwieg [4]
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examined the fully developed laminar boundary layers
in rotating curved channel with rectangular and
square cross-section, respectively. Their results are
valid for the large rotational Reynolds number based
on the angular velocity of the channel, as compared
with the Reynolds number based on the mean axial
velocity of the fluid. Miyazaki [5, 6] analysed the fully
developed laminar flow and heat transfer in curved
circular/rectangular channels with weak rotations by
finite-difference method. Because of the convergence
difficulties of the iterative solution method used,
Miyazaki’s works did not cover the flow range where
three forces (centrifugal, Coriolis and centrifugal-type
buoyancy forces) are of comparable magnitude. In
addition, all the works employ a steady model for the
fully developed laminar flows with a positive rotation
of the channel. Hereinafter, positive rotation means
the rotation in the same direction as the axial flow
imposed by a pressure gradient, and negative rotation
means the rotation opposing the flow due to the pres-
sure gradient.

As the existing solutions to the problem are con-
strained to the asymptotic limits of slow and rapid
rotation, the secondary flow revealed by the works
mentioned above consists of one-pair of counter-rot-
ating vortices. The interaction of the secondary flow
with the pressure-driven main flow causes a shift in
the location of the maximum axial velocity away from
the centre of the channel and in the direction of the
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NOMENCLATURE
a radius of tube o flow rate
¢ pseudo Reynolds number, equation Q0 defined by equation (72)
&) [N flow rate through a stationary straight
3 axial pressure gradient, tube
~(1/R)(OP’]08) t temperature of fluid
s axial temperature gradient, tm mean temperature of fluid
—(1/R)(t/08) L, wall temperature
e specific heat /, V, W velocity components
¢l " constants w nondimensional main velocity,

De Dean number

De  modified Dean number through
equation (87)

D,  dynamical parameter defined by
equation (82)

D,  modified D, through equation (87)

D, dynamical parameter defined by
equation (82)

D modified D, through equation (87)

Ia mean friction factor

/. mean friction factor for a stationary

straight tube

h heat transfer coefficent

L, parameter defined by equation (42)

L, parameter defined by equation (42)

Nu  mean Nusselt number

Nu, mean Nusselt number for a stationary
straight tube

r, R coordinates

Ra, rotational Rayleigh number, equation
(3)

R, curvature radius

Re Reynolds number, equation (74)

Re modified Reynolds number through
equation (87)

Re, rotational Reynolds number, equation
(5)

o'z’ axis of curvature and rotation

p fluid pressure

v pseudo pressure,

P’ = p—p (R + Rsin 9)/2
Pr Prandtl number, equation (5)
4w wall heat flux

equation (4)
Wi mean main velocity
w,,  expansion coefficient for w
wi  parameter free expansion coefficients
for w
variable.

Greek symbols

b thermal diffusivity

I coefficient of thermal expansion

n nondimensional temperature

e extreme value of

M mean temperature across the tube

fix  expansion coefficient for 4
n parameter free expansion coeflicients
for n
defined by equation (81)
conductivity of fluid
kinematic viscosity
angular velocity
nondimensional stream function,
equation (4)
¢«  expansion coefficient for ¢
i parameter free expansion coefficients

S0

for ¢

0 density of fluid

P density of fluid based on wall
temperature

o curvature ratio, equation (5)

0 polar coordinate

£, £, &, 0, Reg, Rag

¢ coordinate.

secondary velocities in the middle of the channel.
When the three forces are of comparable magnitude,
however, a complicated structure of the secondary
flow might be expected since then the nonlinear effects
could be quite strong.

In the present work, a three-parameter, regular per-
turbation method is developed to study laminar flow
transitions and combined free and forced convective
heat transfer in a rotating curved circular tube. The
specific problem considered is the curved tube rotating

at a constant angular velocity about the axis through
the centre of the curvature. A full second-order per-
turbation solution is obtained for the full nonlinear
coupled governing equations under the conditions
that the flow and temperature fields are fully
developed, and the wall heat flux is uniform with
peripherally uniform wall temperature. The solution
covers both heating and cooling cases, with either
positive or negative rotation. By excluding the effect
of any one or two of the three factors (rotation, cur-
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vature and heating/cooling), the solution reduces to
each of the six special problems such as the classical
Dean problem and mixed convection problem.

2. FORMULATION AND PERTURBATION
SOLUTION

The geometrical configuration of the physical
model for a rotating curved circular tube and its coor-
dinate system are shown in Fig. 1. Under the action
of the pressure gradient, a viscous fluid is allowed
through the curved tube of circular cross-section of
radius a with negligible pitch effect, which is rotated
about the axis through the centre of the curvature o'z’
with a constant angular velocity Q. The tube is being
uniformly heated or cooled at the wall with a heat flux
4w The properties of the fluid, with the exception of
density, are taken to be constant.

Consider a toroida!l coordinate system (R, ¢,0)
fixed to the rotating curved tube as shown in Fig. 1.
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in the buoyancy term is ¢, —¢. In the case of hydro-
dynamically and thermally fully developed laminar
flow under the condition that the wall heat flux is
uniform with peripherally uniform wall temperature,
the governing equations are given, in terms of the
dimensionless variables and the secondary flow stream
function, as [7]

4, _ 1 0(¢,D*¢)
D¢ = r(l4+aorsing) 8(r, ¢)
20 6¢D2¢

B (14 orsin ¢)? 5_)’

R }
- [2aw+ ? (1+orsin q))}%

0
-—Ran(1+arsin(p)za—z 4}

The direction of the main flow in the tube is chosen V?w = 0 ! : [l i(d)’ ") _J(;_w + % %f —4c]
in the direction of increasing 6, while the angular +orsing| r 6(r,) x Y
velocity of the tube is taken as Q > 0 for increasing 6 ow b
and Q < 0 for decreasing 6, respectively. The velocity + —~—;<a— + a) 2
components in the increasing directions of R, ¢, and (1+orsinp)*\ 0y
# are denoted by U, V, W, respectively. The buoyancy
term is expressed in terms of the coefficient of thermal Vg = 1 : [ff (¢, n) tw—g 5_'1] 3)
expansion as is commonly done in free-convection l+orsing| r 0(r, ) Ox
analyses (Boussinesq approximation). The tem-
perature difference used to express density variations  in which
Centrifugal-type buoyancy force
€ >
cooling  heating
NY
0 Q
N o %
2 R.
a NG
J ° > X
o .
centrifugal force
->

Coriolis force
« >

negative rotation  positive rotation

Fig. 1. Geometrical configuration and coordinate system.
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The dimensionless variables are defined as

R U= vR. 0
T " R(R.+Rsing) ép’
'R, 3 W te—1
V= ~‘F‘.—'~ g; W= ffa; h=-— (4)
R.+ Rsing ¢R v Pre,a

and the dimensionless parameters are defined as

o a’
P L

R’ 2 B 4pvr2 '

[SS

PrQc,a R,
Ray = LY AR
v y2

(5)

We seek the solution of equations (1)—(3) subject
to the condition of no-slip at the wall and the uniform
wall heat flux with peripherally uniform wall tem-
perature, namely.

ﬁ’:f—‘pzn:nzo atr=1. (6)

o Ce
Furtherin theregion0 <r<land —n <o <

—. 7. w. and
or Co

1 must be finite. (7)

The solutions of equations (1)—(3) under the bound-
ary conditions (6) and (7) are governed by five dimen-
sionless parameters: o, Pr, ¢, Re, and Ra,,. The cur-
vature ratio o, a geometry parameter, represents the
degree of curvature. Prandtl number Pr, a thermo-
physical property parameter, represents the ratio
of momentum diffusion rate to that of thermal
diffusion. ¢ is defined in an identical mathematical
form to the usual Reynolds number Re, but using
pseudo pressure instead of the usual fluid pressure. It
represents the ratio of inertial force to viscous force.
The rotational Reynolds number Re, emerges from
the Coriolis term of the momentum equations. It rep-
resents the ratio of the Coriolis force to the viscous
force. A positive Re, represents the case of positive
rotation. A negative Req is for the case of negative
rotation. The rotational Rayleigh number Rag has its
origin in the centrifugal buoyancy terms. It is similar
to the Rayleigh number encountered in the study of
gravitational buoyancy due to the Earth’s gravi-
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tational field, but with the gravitational acceleration
replaced by the centrifugal acceleration measured at
the centreline of the tube considered. It denotes the
ratio of centrifugal-type buoyancy force to the viscous
force. A positive Rag represents the cooling case, while
a negative Rag is for the case of heating.

Although an exact solution of equations (1)—(3)
would be extremely difficult to find, if indeed possible,
an approximate solution may readily be obtained
using a parameter perturbation method with power
sequence as the expansion functions. A theoretical
basis for this method can be found in ref. [7], which
shows that any function of m variables x;, x;,..., x,,
which is continuous for ¢! < x, < ¢ (i=1.2,....m)
may be approximated uniformly by a unique poly-
nomial. The reason to choose the power sequence as
the expansion functions is because of the unigueness
of the expansion and its uniform convergence rather
than just convergence in the mean. In the literature,
the perturbation solution is usually considered to be
valid only for small values of perturbation parameters.
However, we can always, in principle, find a proper
mathematical transformation to make the per-
turbation parameter small enough so that the solution
is valid. The theoretical basis shown in ref. [7] also
shows that we can achieve any accuracy required by
a suitable choice of the number of terms in the per-
turbation series for the entire region of the parameters.
And the high order terms can be obtained through a
computer [8, 9]. The main drawback of the per-
turbation method with the power sequence as the
expansion functions is that it cannot be used to obtain
a discontinuous solution which usually exists in the
nonlinear problems. This leads to a disagreement
between the perturbation solution and the numerical
solution for Dean problem and mixed convection
problem [10, 11] by noting that the numerical solution
is a discontinuous one due to the bifurcation of the
flow at intermediate and large values of the cor-
responding dynamical parameters.

Applying to the present problem, the method
involves the expansion of the stream function ¢, non-
dimensional main velocity w and temperature # in
ascending powers of the suitable small parameters. o,
Req and Rag, are selected as the parameters in this
work. This implies the assumption of continuity of ¢,
w and n on o, Rey and Ra, Then each of the
coefficients of the expansion series for ¢, w and n
may be obtained from the solutions of the associated
nonhomogeneous harmonic and biharmonic differ-
ential equations. In calculating each additional term
of the series, the terms on the right hand sides of the
harmonic and biharmonic differential equations, are
in terms of the functions determined from the solution
of the preceding equations. Therefore successive solu-
tions of the three main differential equations will pro-
duce as many terms as desired for the three series
depending upon the accuracy required. In this work,
the solution is carried up to and including the second-
order terms.
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where ¢, ¢ and &, denote, respectively, o, Re, and
Rag, and the coefficients depend on the coordinates
of the points of the fluid (r, ¢).

On substitution of equation (8) into equations (1)—
(3), sets of equations for the zeroth, first- and second-
order coefficients may be obtained by equating the
coefficients of equal powers of & &% Since there can
be no flow in the (r,¢)-plane when ¢ = Reg =
Rag = 0, it follows that ¢y = 0. The resulting equa-
tions for the coefficients up to and including second-
order are as follows:

zeroth-order

Viwgg = —4c 9)
Vzﬂooo = Wooo a0
first-order
ow,
V4 — —ZW 000 11
¢100 000 ay ( )
1 ow,
v4 _ _ 7000 12
oo 2 oy (12)
Moo
4
= —— i
V ¢00] ay ( 3)
1 0(d100 Wooa)  OWooo .
2, o _
Vwigo r o) oy +4dcrsing
(14)
1 0(P010, Wooo)
2 ] -_——
Ve T o) (0
1 0(doo1>Wooo)
2 —_— —
Ve = T o 0) (e
V2 — &5(05100,7[000) N Mooo
Moo , 6_(r,(p) — 100 ox
—rwygesing  (17)
Pro R
VZ’7010 =‘r_%§)&) +Wqio (18)
Prd s
V1001 _r (001> M000) (19)

r or, @) Yoo

second-order

13 100. V' Proo)
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ro e Ox
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Vi, = 13101 wooo) | 10190, Woui)
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¢
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cr
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E _ & oy 15 Movo) & A Poro- 'Iuoﬂn)
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Similarly, we may obtain equations corresponding
to the third and higher approximations.
Solving equations (9)—-(37) in order yields:

stream function of secondary flow

5

¢ 24,2
D100 ='2§f(1-r ) (4—r*)cosg (38)

¢ .-
$oro =@’(1—") Ccos @ 39
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¢ 232,02
doo :mr(l—r‘,)~(r“~10)cos¢ (40)
@) = 040+ Readg o + RagPyo,
oct T , )
= S (1 =P PB=r + L (" =10+ Lilcosp. (4])
where
3Reg Rag,
"7 26¢ 0 TP 160c (42)
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350 % 11522
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3
- v4£r(l —r)sing  (50)
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It is apparent that wy, and 74, give the velocity and
temperature distributions in a stationary straight tube.
The results (38), (43), (50) and (53) are the cor-
responding solutions for a stationary curved tube cal-
culated in ref. [12]. And the solutions (39), (44), (51)
and (54) are in agreement with ref. [13].

Similarly, we may obtain higher order solutions.
However, the amount of labour required is consider-
able. Also it is hard to tell under what conditions the
higher order solutions are needed until we get enough
terms to unvetl the analytic structure of the solution.
Usually a perturbation solution is carried to the
second approximation. Now, the routine labour of
calculating higher approximations may be delegated
to a computer. Then, dozens or even hundreds of
terms may typically be found. These may suffice to
permit the structure of the solution to be analyzed
for a single power series, and the solution may be
improved to extend its utility [8, 9]. Unfortunately,
there is no such approach available at the present
time for analyzing the multiple series in this problem.
Besides, even for single power series, we must obtain
the first few terms of the solution by hand in order to
use computer to obtain higher order solutions.

It should be noted that the solutions of ¢, w and 5
reduce to the corresponding ones of the six special
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cases by setting any one or two of g, Re, and Rag, to
be zero. They are Dean problem, Coriolis problem,
mixed convection problem, Dean problem with the
effect of rotation, Dean problem with the effect of
heating/cooling and Coriolis problem with the effect
of heating/cooling.

3. RESULTS AND DISCUSSION

3.1. Flow transitions in secondary flow

3.1.1. First-order approximation. To the first-order
of approximation, the secondary flow pattern is deter-
mined by ¢, (equation (41)). ¢, reaches its extreme
values under the conditions

01 _ 99 _
or  dp

which requires

T(1 = Ly)r* — (24+5L, — 53L,)r?

+@+L,—10L,) =0 (69

sing = 0. (70)

According to the definition of stream function
(equation (4)) and the extreme conditions, both the
radial and tangential components of the velocity in
the cross-section vanish at the extreme points. The
streamlines of motion through these points are circles
(in a plane parallel to the axis of the tube) with the
centres located at the axis of the rotation of the tube.
The motion of the fluid may then be regarded as screw
motions about these circular streamlines. In other
words, the locations of the extreme points of ¢, rep-
resent the centres of the screw motion of the fluid. The
extreme values, on the other hand, have two impli-
cations. Their absolute values reflect the strength of
the secondary flow, and their sign denotes the direc-
tion of the screw motion, namely, positive for counter-
clockwise circulation and negative for clockwise
circulation.

The locations of the extreme points are determined
by the solutions of the equations (69) and (70). Equa-
tion (70) has two solutions in the flow domain
0 < ¢ <2n, namely, ¢ =0 and ¢ ==n. Thus, ail
extreme points are located along the vertical centre-
line.

The radial distance of the extreme points is deter-
mined by the solutions of the equation (69) which
depend on the two dimensionless parameters, namely,
L, and L,. For some L, and L,, equation (69) has only
one solution (r,,,) which gives a minimum value of ¢,
with a negative sign. For some other L, and L,, equa-
tion (69) has only one solution (r,,,) which yields a
maximum value of ¢, with a positive sign. For still
other L, and L,, equation (69) has two solutions (r,,,
and r,,,) which result in a minimum value of ¢, with
a negative sign and a maximum value of ¢, with a
positive sign, respectively. The structure of the solu-

3391

tion is summarized in Table 1. The readers are referred
to ref. [7] for a detailed analysis on the variations of
rim and r,,, with L, and L,.

Table 1 shows that in the laminar flow region, the
secondary flow experiences two transitions which
occur at L, = 10L,—4 and L, = 9L, 3, respectively.
Consequently, the secondary flow appears as three
different patterns, namely, two cells of counter-clock-
wisely circulating vortices; two cells of clockwisely
circulating vortices; and two-pairs (four cells) of
counter-rotating vortices which are directed opposite
to each other.

Typical secondary flow patterns are illustrated in
the first column of Fig. 2. The symmetry about the
horizontal centreline allows us to show the upper half
of the cross-section only. In the figure, the stream
function is normalized by its maximum absolute
value. The cross denotes the position at which the
stream function reaches its maximum absolute value.
And two numbers for each case are the value of the
L, and the extreme value of the stream function which
yields the maximum absolute value. A vortex with a
positive (negative) value of the stream function indi-
cates a counter-clockwise (clockwise) circulation.

WhenL, >9L,—3and L, < lorL, > 10L,—4and
L, > 1, the secondary flow appears as two-cell, coun-
ter-rotating vortices as shown in Fig. 2(a, b). When
L,isin the region 10L,—~4 < L, < 9L,—3and L, < 1
or9L,—3 < L, <10L,~4and L, > 1, the secondary
flow appears as two pairs {(four cell) of counter-
rotating vortices, with one pair in clockwise cir-
culation and the other in counterclockwise circulation
[Fig. 2(c,d)]. When L, <10L,—4 and L,<1 or
L, <9L,—3and L, > 1, however, the secondary flow
becomes two cell counter-rotating vortices again, but
with the direction of clockwise circulation as shown
in Fig. 2(e, f).

Three points are worthy of mention regarding the
four cell vortex structure [Fig. 2(c, d)]: (1) this struc-
ture is qualitatively different from the four cell vortex
families encountered in Dean, Coriolis or mixed con-
vection problems. (2) Its strength is very weak. This
can be inferred from the maximum absolute value of
the stream function. The analysis of force mechanism
suggests that the centrifugal, Coriolis and buoyancy
forces, overall, just neutralize each other in this region.
(3) The clockwise circulating vortices occur near the
tube wall if L, < 1 [Fig. 2(c, d)]. If L, > 1, however,
they will appear in the central position of the cross-
section of the tube as shown in Fig. 2(g).

For an isothermal flow in a rotating curved channel
without effect of heating/cooling, the stability analysis
made in ref. [14] concludes that there exist two poten-
tially unstable regions separated by two stable regions
in the cross-plane when the flow is in the region with
four cell secondary flow structure. Visualization of the
secondary flow in a rotating curved square channel in
ref. [14] explored a similar structure as the four cell
structure found in the present work.

3.1.2. Second-order approximation. The second col-
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Table i. Distribution of the solution with L, and L,
L,<1
Region L, <10L,—4 WL, —4< L, <9L,-3 L,=29L,-3
Solution Fim ry.and s, Fam
L.=z1
Region L, <9L,-3 9L.-3< L, <10L.—4 L,z 10L,—4

Solution Fim

(10.87, 0.00189) (10.87, 0.00373)

Fig. 2. Secondary flow patterns: (a—f) at ¢ = 0.02, Pr = 0.7,

c=60and L, = —1.0;(g)ato = 0.01, Pr=0.7, ¢ = 50 and

L, = 1.5 (first column: first-order ; second column : second-
order).

umn in Fig. 2 illustrates the secondary flow patterns
based on full second-order approximation. The cor-
responding first-order secondary flow patterns are
shown in the first column of the figure. A striking
feature is that the symmetry about the vertical

Iy and 7, Fam

centreline exhibited in the first-order secondary flow
breaks down with the circulation centre of vortices
shifting away from the vertical centreline. Also the
corresponding vortices are distored in some ways. In
particular, the circulation centre for all clockwise cir-
culation vortices moves inward and downward, while
that for all counter-clockwise circulation vortices
moves outward and upward with the exception of that
in Fig. 2(g). This trend is also more noticeable in
the region with four cell patterns. Another interesting
feature is that the region with four cell secondary flow
is wider than that of the corresponding first-order
secondary flow.

Three factors contribute to the generation of the
secondary flow in this problem: curvature, rotation
and heating/cooling. The secondary flow patterns dis-
cussed in Fig. 2 result from the combined effect of all
these three factors. The analytical solutions, however,
allow us to visualize the secondary flow due to one or
any two of these three factors simply by setting some
terms in the series to be zero. In other words, the
solutions can be used to analyse the secondary flows
for several special cases. They are secondary flows in
curved tubes (classical Dean problem), radially rot-
ating tubes (Coriolis problem), stationary straight
tubes with heating/cooling (mixed convection prob-
lem), rotating curved tubes, curved tubes with heating/
cooling and radially rotating straight tubes with
heating/cooling. Figure 3 is one set of such secondary
flows, which exhibit several interesting features to be
noted below.

All the first-order terms in the series result in a
symmetric (about vertical centreline) one pair-
counter-rotating secondary flow with the centres of
circulation located on the vertical centreline. Note that
the first order approximation is valid for sufficiently
small values of the dynamical parameters, the struc-
ture of the fully developed secondary flow in Dean
problem, Coriolis problem and mixed-convection
problem, then, consists of one pair (two cell) counter-
rotating vortices with one cell located in the upper
half and another in the lower half of the cross-section
at sufficiently small wvalues of the dynamical
parameters. They are also symmetric about the ver-
tical centreline. This is in agreement with the previous
works for the corresponding problems.

All the second-order terms in the series of the stream
function cause the secondary flow to exhibit a four
cell pattern with the centre of the circulation away
from the vertical centreline. It is interesting to note
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Fig. 3. Secondary flow with one, two or three effects of curvature, rotation and heating/cooling at ¢ = 0.01,
Pr=07,¢=100, L, = 1.1 and L, = 0.5 [(a—) first-order terms due to single effect of curvature, rotation
and heating/cooling; (d—f) second-order terms due to single effect of curvature, rotation and heating/
cooling; (g-i) first-order terms+ second-order terms due to single effect of curvature, rotation and
heating/cooling ; (j—1) second-order terms due to combined effect of curvature and rotation, curvature and
heating/cooling and rotation and heating/cooling ; (m—-o) first-order terms+ second-order terms due to
combined effect of curvature and rotation, curvature and heating/cooling and rotation and heating/cooling ;
(p-r) first-order terms, second-order terms and first-order terms+second-order terms due to combined
effect of all three factors].

that the secondary flow due to the second-order term
itself is still symmetric about the vertical centreline.
The symmetry is, however, lost in the secondary flow
resulting from all the first-order and second-order
terms in the series. This breakdown of the symmetry
comes from the asymmetric effect of second-order
terms on the first-order terms about the vertical
centreline, i.e. the secondary flow of the second-order
terms enhances that of the first-order terms on one
side of the vertical centreline, but neutralizes it on the
other side of the centreline.

The secondary flow with the simultaneous effect
of more than one factor of curvature, rotation and
heating/cooling may be qualitatively similar to or

completely different from that with only one factor
depending on the region of the governing parameters.

3.2. Flow transitions in main flow

Figure 4 shows several typical main flow isovels and
profiles based on the second-order approximation.
The corresponding secondary flows are shown in Fig.
2. Once again, the symmetry of flow about the hori-
zontal centreline allows us to show the upper half of
the cross-section only. A cross in the figure denotes the
position at which the main flow reaches its maximum
value. The value of L, and the maximum value of the
main velocity are given in the figure for each case.

Some features of the main flow can be expected and
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Fig. 4. Main velocity distributions at ¢ = 0.02, Pr =0.7,
¢ =60 and L, = —1.0 (first column: isovels; second col-
umn : profiles).

understood through the force balance in the governing
equation. It 1s the secondary flow that causes the devi-
ation of the main flow away from the parabolic profile
in Poiseuille flow. The secondary flow affects the main
flow through three terms: the convection term, and
two Coriolis terms due to the curvature and rotation.
respectively. The two Coriolis terms may be in the
same direction or opposite to the main flow depending
on the sign of Usin ¢+ V cos ¢ and Q. The absence of
these three terms leads to the Poiseuille solution with
an axisymmetric and parabolic profile [Fig. 4(a})]. The
relative importance of the different terms depends on
the magnitudes of the governing parameters, and
shows different flow patterns for different regions. The
driving term is the axial pressure gradient which is
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always important. The viscous term is always impor-
tant near the wall, but may not be significant in the
core region for certain ranges of the parameters. If the
rotation speed is high enough, the Coriolis terms could
be of the same order of magnitude as that of the
pressure gradient term. The main flow would, then,
exhibit a geostrophic pattern in the centre of the cross-
section surrounded by a thin boundary layer accord-
ing to the theory of rotating fluid [15]. This is one
limiting case examined in refs. [3, 4].

As discussed in Section 3.1, secondary flow is very
weak in the region where centrifugal, Coriolis and
buoyancy forces just neutralize each other. Conse-
quently. it is too weak to modify the main flow effec-
tively such that the profiles of the main flow are essen-
tially axisymmetric and parabolic with the maximum
value occurring along the horizontal centreline at or
very close to the centre of the cross-section [Fig. 4(c)].
In this region, the inertial force in equation (2) is very
weak as compared with the viscous force. The driving
force for the main flow (i.e. pressure term) is mainly
balanced by the viscous force in whole flow domain.
Other forces (inertial, Coriolis forces) are very weak.

When the value of L, is away from the region where
the centrifugal, Coriolis and buoyancy forces just neu-
tralize each other, the secondary flow becomes stron-
ger (Fig. 2). The profile of the main flow becomes,
then, distorted with the peak moving away from the
centre of the cross-section toward the outer wall for
the case of increasing value of L, [Fig. 4(b)] or the
inner wall for the case of decreasing value of L, [Fig.
4(d)] along the horizontal centreline. In either of the
two cases, the location of the maximum main velocity
is away from the centre of the tube and in the direction
of the secondary velocities in the middle of the tube.
Due to the shift of the peak of the main flow, the
isovels are more sparsely spaced in the region near the
inner wall (outer wall) than near the outer wall (inner
wall) in Fig. 4(b) [Fig. 4(d)]. Consequently, pro-
nounced peripheral variations are expected in the local
friction factors. The flow in the tube core is not geo-
strophic, it is ageostrophic, i.e. the pressure gradients
are balanced by both Coriolis force and convective
inertial force.

A striking feature which can be inferred from Fig.
4(a--d) is that the region of return flow along the
walls appears to be far too thick to be described by
boundary layer approximations. Consequently, the
integral type method developed by Mori et al. [16, 17]
may not be valid for these regions of flow.

3.3. Temperature distribution

Figure 5 demonstrates the way in which the sec-
ondary flow affects the temperature profiles based on
the second-order solution of the temperature. In the
figure, the nondimensional temperature # has been
normalized by its corresponding extreme value 7., and
the extreme point is illustrated by a cross. Two num-
bers for each case are, respectively, the value of the L,
and the extreme value of 7.
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Fig. 5. Temperature distributions at ¢ = 0.02, Pr=0.7,
¢=60 and L, = —1.0 (first column: isothermals; second
column : profiles).

It is the secondary flow that causes the deviation
of the temperature from the parabolic profile in the
stationary straight tubes. The effect of the secondary
flow enters the energy equation through one term, i.e.
the convection term. The absence of this term leads to
the parabolic profile which has an axisymmetric and
parabolic profile [Fig. 5(a)]. In the region with the
four cell secondary flow, the secondary flow is too
weak to modify the temperature distributions effec-
tively. Consequently, the temperature profile in this
region exhibits essentially axisymmetric and parabolic
with an extreme value appearing along the horizontal
centreline, at, or very close to, the centre of the cross-
section [Fig. S(c)].

When L, moves away from this region in both direc-
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tions, the stronger secondary flow causes the tem-
perature profile to be distorted with the extreme point
shifting from the centre of the cross-section to the
outer wall for the case of increasing L, [Fig. 5(b)] or
to the inner wall for the case of decreasing L, [Fig.
5(d)] along the horizontal centreline. The shift of the
extreme point results in a more tightly spaced iso-
therms in the region near the outer wall [Fig. 5(b)] or
near the inner wall [Fig. 5(d)]. This results from the
larger gradient of the main flow in these regions [Fig.
4(b, d)] and will cause pronounced peripheral vari-
ations in the local Nusselt number.

Two interesting results can be inferred from the
temperature profiles shown in Fig. 5(a—d). One is that
the theory of thermal boundary layer is not valid for
the temperature fields in these regions of the par-
ameters because the layer along the walls is too thick
to be described by the theory. Another is that the
temperature distributions are qualitatively similar to
the corresponding ones of the main flow. This implies
that the Coriolis terms in the momentum equation for
main flow are not strong enough to dominante in
these regions of the parameters, by noting that only
difference between the momentum equation for main
flow and energy equation for temperature is the exis-
tence of the Coriolis terms in the momentum equation.

3.4. Mean friction factor and Nusselt number

34.1. The friction factor. Substituting the
expression for w, based on a second-order solution,
into the definition of flow rate Q

2n ffa 2n 1
Q=J J WRde(p:J J avwrdrde
0 0 0 0

we obtain

nvac

TQI’ an

where

0, =1 1541¢* N 11¢? _1_ 2
e 3150x 11522 17280  48)°

( c? N 1 Re 5293¢* Rag
(1 N\ 223 Ran
28x 7682 9216/ © 350x 11523

111c? ! Veoreon 8077¢?
_ SR . L
280 % 11522 1920 27150400 x 11522

29 Rao+ 97¢?
F 240x 1152 )"\ 430080 x 4608

1
+ m)RenRag (72)
and the mean main velocity wy, is
_Q _vQ
Wn = TCaZ - 2(1 - (73)
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Then the Reynolds number with the diameter of the
tube as a characteristic length is

_ 2wga

Re = =cQ,.

N (74)
From equation (49), the flow rate of the fluid
through a stationary straight tube is
_ vac

Qs_ r

Then we may define the ratio of the flow rates as

Q =0
0.

This agrees with those in refs. [12, 13, 18] for the
special cases they considered.

Since the mean friction factor for a rotating curved
tube is defined by

(75)

_ 2y
C pwij2 RO
we have
S« 1
RO (76)

where f.(= 64/Re) is the mean friction factor for a
stationary straight tube. It is interesting to note that
Prandtl number does not appear explicitly in the
expressions of Q/Q, and f/f,, although it was present
in the second-order solution of the main velocity.

Figure 6(a) illustrates the typical trends for the fric-
tion factor variation with L, and L, at ¢ = 0.02 and
¢ = 60. For any specified L,, there exists a region of
L, where the friction factor is identical or very close
to that in a stationary straight tube when centrifugal.
Coriolis and buoyancy forces just neutralize each
other. As L, moves away from this region at a specified
value of L., the friction factor increases. Apparently
the increased resistance to the flow results from the
stonger secondary flow. Furthermore, the increase in
friction factor becomes more significant as |L,|
increases. At a specified value of L,, the flow impedi-
ment at higher values of L, is relatively greater if the
value of L, is at the left of the low friction factor
region, but is relatively smaller if the value of L, is at
the right of the region.

3.4.2. The Nusselt number. Energy balance

peocamatwy, = 2nah(t, —t,)

and the definition of the mean Nusselt number

2ah
Nu = -
/
yield
Nu = O (77
2’1"\

in which #,, is an integrated mean temperature across
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Fig. 6. The influence of secondary flow on flow resistance
and heat transfer.

the tube (sometimes referred to as an unweighed
mean) and defined as [1]

I 2 1
W = = nrdrde.
)

Substituting the second-order solution of  into the
expression above yields

¢ 7 1171Pr 3
Hm = — 75 +0° NA A 1 iom3
12 22400 x 1152

.- 4169 Prc’
5% 50400 x 1152°

1171¢°
22400 x 1152°

17Prc? N 481¢° 29¢
6720 x 1152 6720x 1152 1536

17Prc? N 293 Prc?
2293760 x 1152 107520 x 11522

,{ 72 143Pr%¢*
+Raj|——m——
44800 x 1152°

+Reé<

2293 760 x 1152 80x 1152
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+ 57383 Prc®
112000 x 11523

72143¢*
+
44800 x 1152°

4 2707 Prc*
201 600 x 11522

2129pPr*¢*
50400 x 11522

+ aReg(

Pre?
960 x 1152

+ 2129¢*
50400 x 11522

N 19¢?
320x 1152

7291 Prc*
1344000 x 11527

27571 Pr*c*
—06Rag
1400 x 11523

Prc?
T 2752512

27571¢*
1400 x 11523

253¢
21504 x 1152
3551 Prc?
1400 x 11523

11143Pr3¢3
1400 x 11523

— ReqRag <

111433
+
1400 x 11523

T7¢
* 3840 x 4608 ) (78)

The following implication of equations (77) and (78)
is worthy of note. In the limiting case with no curva-
ture, rotation and heating/cooling, the present prob-
lem becomes identical to the asymptotic solution for
constant property forced convection in a stationary
straight tube and was reported in ref. [19]. For this
limiting case Nu,=6 and clearly equation (77)
approaches to this value asymptotically as ¢ - 0,
Reg — 0 and Rag — 0. Dividing equation (77) by Ny,
for a stationary straight tube, we have

Nu 11cQ,
Nu,~ 96y,

(79)

Typical variations of the Nusselt number given by
equation (79) are presented in Fig. 6(b) for a range of
L, at 6 =0.02, ¢ = 60, and Pr =0.7. Although it is
likely that the solution is being extended beyond its
range of validity at the higher values of L, the physical
trends are quite evident. As expected, the heat transfer
is enhanced significantly due to the presence of the
secondary flow, and the similarity between the main
flow and temperature distribution leads to a similarity
in the results for friction factor and Nusselt number.
Like the friction factor, the Nusselt number is also
identical or very close to that for constant property
forced convection in a stationary straight tube in the
region with the four-cell secondary flow. An increase
in |L,| from this region causes the secondary flow to
become stronger. Consequently, the Nusselt number
increases substantially at higher values of the [L,[.
The higher value of L, leads to a relatively greater
enhancement of heat transfer for the case in which the
value of L, is at the left of the region with the lowest
value of the Nusselt number, but a relatively smaller
enhancement when the value of L, is at the right of
the region.

At the present stage, the structure of the solutions
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has not been explored completely. On the other hand,
it appears that no experimental results of friction fac-
tors or Nusselt numbers for a rotating curved tube
with heating or cooling effect are available. Thus, the
range of validity for equations (76) and (79) remains
to be checked in future.

3.5. Structure of solutions

In practical problems, the Reynolds number Re is
usually given, while the pseudo Reynolds number ¢,
which is defined by the pressure gradient along curved
tube axis, is often unknown. An expression for the
pseudo Reynolds number ¢ in terms of Re, o, Reg and
Rag may be obtained by inverting equation (74) and
ignoring the higher-order terms as

¢ = Rell (80)
with
1541 Re* 11Re? 1
=1+ ¢ ¢ _ o2
3150% 11522 17280 48

) 5203Re3 Rad,
2R w TAR2 Reg + 3
28 x 768 9216 350 x 1152

111Re? L Vo Rer 8077 Re?
OReNCg— | ———————
280 11522 1920 “ 150400 x 1152°
29 97Re?
T 240%1 152)"1“1{"n - (430 080 x 4608
1
+ 33040 RegRay,. (81

Introducing the following nondimensional par-
ameters:

De = Re\/5; Dq= ReReq; Dr= ReRag

(82)
the expression of I' becomes
2 232 2
F—l—i+ 1541(De*) Dg
483 3150 x 11522 28 x 7682
. 5293Dr? Rei 116De®> oDg
350 % 11523 9216 17280 1920
290 Dr 111De*Dg 8077De’ Dr
240 x 1152 280x 1152 50400 x 1522
97D Dr _ RegDr 23
430080 x 4608 23 040Re’ 83)

The second-order solution (8) along with equations
(38)—(68), may be expressed as
¢ = D300+ Dadede + Drr¢ds, + De* 23,
+ D433 + Dr? ¢3d, + o De $33 + o Dioll,

+0'D”2¢101 +De* D3ty + De’ Drep3, +ﬁnﬁ’¢3?o
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+ PrDe* Droih, + PrDoDrdil, + PrDr i, (84)
w = Re[wilo +ow!Sy + De*wily + Dowil,
+Drwil, + o wilo + Ije“wgg(,% Reiwidy + Dawidsy
+ Driwi), +aDe*wily + 0 Dowit, + o Drwil,
+ D& D%y + De? Drw'd, + Do Drw}!,
+ PrDe* Drwil, + PrDviwll, + PrDg Drwl!,)
+ Req Drw, + Driwii, (85)
n= Rﬁe[ﬂ(]ngo +onite+ De? Mioo+ D‘Qr]ﬁ?(, +15r1753,
+ 27800 + De*nilo + Reandly + Redwes,
+Danito + Drinit, + o De*nd, + cDanil,
+6Drni, + PrDe’nio + PrDonil o + PrDei),
+ Dé? DAQ"I‘I‘ o+ De? DA”']‘I“I)U + ﬁ1)§r73(|)|
+ PrDe*n3 + PrDinise + PrDring),
+aPrDe*nis, +aPrDgnil, +oPrDryil,
+ PrDe’ Dont o+ PrDe* Drytly + PrDo Dyl
+ PriDe*nisy + Pr’ Daniza -+ PriDringis

+ Pr2De* Don'ie + Pr2De’ Dyl + PriDo Dryii |

+ Reo Drnity + Drnil (86)
in which
Re=Rel; De=Del'; Dy=Dol'; Dr=DiT
(87)

im

and the parameter-free expansion coefficients ¢y,
wh and ni% are introduced by factoring out the par-
ameters ¢ and Pr from ¢, w;; and g ie.

" = items in ¢, including /th power of ¢

and jth power of Pr divided by ¢'Pr.

I

A similar remark is also true for w/; and n’;. Thus

i, wii and n'n depend on r and ¢ only and are
independent of the flow region, i.e. the relative size of
each term in these series depends on the magnitudes
of the parameters, but the shape of each term is always
the same. Note that Re is fixed once De and 7 are
specified, the solutions for velocity and temperature
may be regarded as the infinite series (higher-order
approximations would produce additional types of
terms) in powers of g, De®, Req, Dy, Pr and Dr. In
view of the expressions (82) and (83) for I' (in fact
I' ~ | for small values of the parameters), the series
may also be considered as in powers of ¢, De*, Req,.
Dg. Prand Dr.

The first pair of parameters, ¢ and De*, charac-
terizes the flow and heat transfer in stationary helically
coiled tubes (the Dean problem). The second pair,
Req and Dy, determines the characteristics of the flow
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and heat transfer in radially rotating straight tubes
(the Coriolis problem). The third pair, Pr and Dr,
characterizes the flow and heat transfer due to the
inertial and buoyancy forces (the mixed convection
problem). o, the curvature ratio of the curved tube, is
important for the problems in the helical tube with
tightly wound coils. Dean number, De, characterizes
the flow and heat transfer in the coiled tubes with
loosely wound coils. Req, whose effect for problems
in radially rotating straight tube is analogous to that
of ¢ for the stationary curved tube, is the ratio of the
Coriolis force to the viscous force. It is important for
problems in the radially rotating tube it Dy, is small.
D, whose effect for the problems in the radially ro-
tating straight tube is analogous to that of the square
of the Dean number for the stationary curved tube,
represents the ratio of the product of the inertial and
Coriolis forces to the square of the viscous forces. It
determines the flow and heat transfer in the radially
rotating straight tube if Reg is small (i.e. slowly ro-
tating). Dr represents the ratio of the product of the
inertial and buoyancy forces to the square of the vis-
cous forces. Dr and Prandtl number Pr are two charac-
teristic parameters for the mixed convection problem.

If each of these parameters is significant, the solu-
tion becomes a sixfold series expansion in o, De, Reg,
Dq. Prand Dr. It appears that no successful technique
is available for analyzing and improving such a mul-
tiple series. However, for some special cases, the series
may be reduced to a single series. For example, the
solution series for the fully developed steady laminar
flow through a radially rotating straight tube becomes
a single series if the tube is rotating slowly and the den-
sity of the fluid is taken to be constant. Mansour [20]
expanded this single series up to 34 terms in powers
of Dq. Recasting the resulting series for the friction
ratio, he predicted that it will grow asymptotically as
the 1/8 power of Dg. Van Dyke [10] extended Dean’s
four-term series for the loosely coiled tube to 24 terms
in power of De. The series, re-casted by Van Dyke,
is considered to be valid for arbitrarily large Dean
number. Similar work has been done by Van Dyke
[11] for Morton’s series for fully developed laminar
flow through a uniformly heated horizontal tube. He
extended the series by computer to 31 terms in powers
of a parameter ¢ which is similar to Dr of this work.
He found that the Nusselt number grows asymp-
totically as the 2/15 power of the parameter &.

From the definition of L, and L, [equation (42)],

3R 3D
Ly = ‘a = 7(‘1‘; L,
26¢  2De?

_ Rag Dr

" l6oc  16De*”
(88)

Thus. L, represents the ratio of the characteristic par-
ameter Dy, for the rotating straight tube to the charac-
teristic parameter De? for the stationary curved tube.
Similarly, L. represents the ratio of the characteristic
parameter Dr for the mixed heat transfer problem to
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Table 2. Physical implications of De?, Dg, Dr, L, and L,

Parameter Force ratio

DPe(De?) (inertial force) x (centrifugal force)
(viscous force)?

Do(Dg) (inertial force) x (Coriolis force)
(viscous force)?

Dr(Dr) (inertial force) x (buoyancy force)
(viscous force)?

L Coriolis force
centrifugal force

L, buoyancy force

centrifugal force

the characteristic parameter De® for the stationary
curved tube.

In terms of the force ratios, the physical impli-
cations of De?, Dq, Dr, L, and L, are summarized in
Table 2.

4. CONCLUDING REMARKS

For any continuous function of one or more vari-
ables, there exists a unique, uniformly convergent
polynomial which can be used to approximate the
function. Assuming that the stream function ¢, the
main velocity w and the temperature 5 are continuous
on the curvature ratio ¢, the rotational Reynolds num-
ber Re, and the rotational Rayleigh number Rag,
a systematic method is developed to determine an
approximate analytical solution for velocity and tem-
perature fields in a rotating curved tube under the
conditions that the flow and temperature fields are
fully developed, and the wall heat flux is uniform with
peripherally uniform wall temperature.

Each of the functions ¢, w and n is expanded in a
triple power series in terms of ¢, Rep and Rag. The
coefficients in these expansion series may be obtained
from the solutions of the associated nonhomogeneous
harmonic and biharmonic differential equations. In
calculating each additional term of the series, the
terms on the right hand sides of the harmonic and
biharmonic differential equations, are in terms of the
functions determined from the solution of the pre-
ceding harmonic and biharmonic differential equa-
tions. Therefore the successive solutions of the three
main differential equations will produce as many
terms as desired for the three series, depending upon
the accuracy required. In this work, the solution is
carried up to and including the second-order terms.
As well, the analytical expressions for the velocity
and temperature distributions are applicable for both
heating and cooling cases with either positive or nega-
tive rotation. The solutions of velocity and tem-
perature are found to be infinite series in powers of
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three pairs of parameters which characterize the Dean,
the Coriolis and the mixed convection problems,
respectively.

By setting any one or two of ¢, Reg and Ra,, to be
zero, the solution reduces to the corresponding six
special cases, i.€. the Dean problem, Coriolis problem,
mixed convection problem, Dean problem with effect
of rotation, Dean problem with effect of heating/
cooling and Coriolis problem with effect of heating/
cooling.

The centrifugal, Coriolis and buoyancy forces all
contribute to the generation of the secondary flow in
a rotating curved tube. The resultant secondary flow
may be grouped under three broad patterns depending
on the values of two dimensionless parameters L, and
L,. The first parameter represents the ratio of the
characteristic dimensionless parameter D, for a radi-
ally rotating straight tube to the characteristic dimen-
sionless parameter De? for a stationary curved tube.
The last one, on the other hand, is the ratio of the
characteristic dimensionless parameter Dr for mixed
convection to the De’. The results presented here
extend the range of parameters for which the flow in
rotating curved tubes has been studied, especially as
regards the secondary flow reversal and the four-cell
flow structure.

The presence of the secondary flow causes the deri-
vation of the main velocity and temperature profiles
away from the parabolic profile in Poiseuille flow. In
particular, the locations of the maximum main vel-
ocity and the extreme temperature are moved away
from the centre of the tube in the direction of the
secondary velocities in the middle of the tube. This
results in a pronounced peripheral variation of friction
factor and Nusselt number and a significant increase
in the mean friction factor and Nusselt number. How-
ever, in the flow region with a four-cell structure, the
secondary flow is too weak to modify the main velocity
and temperature profiles effectively, such that the fric-
tion factor and Nusselt number are identical or very
close to those for constant property forced convection
in a stationary straight tube.

The profiles of the main velocity and temperature
show that the boundary layer theory is not valid for
the analysis of the flow and heat transfer in a rotating
curved tube for a range of parameters considered in
this work.
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